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UNIVERSAL PADE APPROXIMANTS ON 
SIMPLY CONNECTED DOMAINS 


N. Daras* * G. Fournodavlos' V. Nestoridis* 


Abstract 


The theory of universal Taylor series can be extended to the case of Pade ap- 
proximants where the universal approximation is not realized by polynomials any 
more, but by rational functions, namely the Pade approximants of some power 
series. We present the first generic result in this direction, for Pade approximants 
corresponding to Taylor developments of holomorphic functions in simply con¬ 
nected domains. The universal approximation is required only on compact sets 
K which lie outside the domain of definition and have connected complement. If 
the sets K are additionally disjoint from the boundary of the domain of definition, 
then the universal functions can be smooth on the boundary. 

Subject Classification MSC2010: primary 41A21, 30K05 secondary 30B10, 30E10, 
30K99, 41A10, 41A20. 
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1. Introduction 

Henri Pade, in his thesis, under Charles Hermite, arranged his approximants in a 
double array, now known as the Pade table 



of the formal power series /= a v(z—CY = (cto, aq,---)- For q= 0, the Pade 

approximants are polynomials and coincide with the partial sums of the power series. 
However, for q > 1 the Pade approximants may exist or not and if they exist, they are 
rational functions. 
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Pade approximants are used widely in pure and applied mathematics and they 
also have a wide range of applications in physics, chemistry and electronics; for more 
details, the reader may consult m, 0 , m ■ In mathematics, the application which 
brought them to prominence in the 60’s and 70’s was regarding the localization of the 
singularities of functions in various problems |7|. For example in inverse scattering 
theory, one would have a means to compute the coefficients of a power series /, which 
in turn could be used to find some Pade approximant of / and ultimately use its poles as 
predictors of the location of poles or other singularities of /. Under certain conditions 
on /, which were often satisfied in physical examples, this process could be theoretically 
justified. 

The theory of universal Taylor series mmm can be extended to the case of Pade 
approximants. In the context of universal Taylor series, in a simply connected domain 
Fl PI [12 , 13] the partial sums of the Taylor development of a holomorphic function 
/ € PL (Ft) approximate all polynomials uniformly on compact sets K disjoint from Fl 
(or Fl ) with connected complement. Here, ji {Fl) denotes as usual the space of all 
functions holomorphic in Fl, endowed with the topology of uniform convergence on 
compacta. If instead of partial sums we use a family of Pade approximants \p/q]f ^ (z) 
for the preceding approximation, where ( belongs in Fl and (p , q ) range in a subset 
5 C N 2 containing a sequence (p n ,qn), n=0, 1,2,... with p n —> +oo, then we obtain 
the following generic result in j~L {Fl) for any simply connected domain SlcC. 

Theorem 1.1. For the generic function f G Pi (H), that is for every function in a 
dense and G$ subset of H{Fl), subsequences of the Pade approximation sequence of the 
Taylor series of f with center Q in Fl 

{\Pn/qn\f£ (z) ■ n= 0,1,2,...), (p n ,qn)F$, 

uniformly approximate any polynomial on any compact set K disjoint from H, having 
connected complement. 

Remark 1.2. We notice that in the previous theorem the centre £ € Fl may be fixed 
or the approximations can even be uniform when ( varies in compact subsets of Ft. 
Furthermore, if the compact sets K are disjoint from the boundary of Ft, then the 
universal function / can be chosen to extend continuously on Ft. This is a generic 
result in the space A ( Fl ) of all holomorphic functions / E H (FI) having a continuous 
extension on the closure H of H in C, provided that {oo} (J [<C\H] is connected. 

The above theorem extends results (q n = 0) that have been achieved, by several 
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authors, on universal Taylor series over the past years; see m and the references 
therein. 

We note that a first description of our results was given in [6] with more restrictive 
conditions. In [8j we introduced a subtler method of proof, where we studied the 
problem of approximating the function / itself by its Pade approximants inside Q. 
Using this method, we were able to obtain refined generic results for universal Pade 
approximants, in the form given in the present paper. 


2. PRELIMINARIES 

oo 

Let ( G C be fixed and /= a v {z—Q v be a formal power series ( a v =a v (/, C) £ C). 

v=0 

Often this series comes from the Taylor expansion of a holomorphic function on an open 
set containing £. For p,q £ {0,1,2,...}, we define the Pade approximant 


[p/q] f, c (z) 

to be a rational function <h (z) =A ( z ) /B (z), where A and B are polynomials satisfying deg A < 
p, degB < q, B (() = 1, whose Taylor expansion 
$ (z) = £“ 0 b v (z—Q v is such that 

b v =a v for all u=0, 1, ..., p+q. 


For q= 0, the Pade approximant [p/0] j ^ ( z ) exists trivially and it is equal to 

[p/°]/,C (z) = 5^av(z-Cr- 

D=0 


For q > 1, it is not always true that \p/q]f ^ {z) exists, but if it exists it is unique as 
a rational function. A necessary and sufficient condition for existence and uniqueness 
of the polynomials A and B above is that the following q x q Hankel determinant is 
different from zero: 


( 


Up—q+l 


Q'p-q-\-2 


Clp 


\ 


det 


O j p-q-\-2 ttp-q-\- 3 


%?+1 


/o 


\ °P 1 • • • a p+q -1 J 

S -v- 

q 

where aj=0 for i < 0. Whenever the latter holds, we write 


/^m (0- 
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In this case, the Pade approximant 


0 (~) 

f,C & (/, 0 (z) 

is given explicitly by the following Jacobi formula ([2]): 



A(f, C) ( z)=det 


B{f, C) {z) =det 


0 (*) 

(z-Cy-'Sp-q+i 

(fX)(z) .. 


s P {f, C) (z 

P-5+1 

a p-q+ 2 



. dp~\~\ 

dp 

^p+1 



a p+q 

({z-cr 

1 

►q 

1 

l 

\ 


^p-q-\- 1 

^p— 9+2 

. . . 



\ a p 

1 

a p+q 

) 



with 


Sk(fX) (z) = 


Yh=o a v( z -Q l \ if k> 0 
0, if k < 0. 


If A (/, C) {z) and B (/, £) (z) are given by the previous Jacobi formula and / G Dp, g (C), 
then they do not have a common zero on C. If K C C is compact and / G Dp, g (C)> 
then there exists 5 = 5(f, (, K ) > 0 such that 


\A(f,Q (z)\ 2 +\B(f,Q ( z)\ 2 >5 for all z G K. 


We shall also make use of the following standard proposition, regarding the Pade ap- 
proximants of rational functions (0, Theorem 1.4.4). 

Proposition 2.1. Let <f> (z) =A(z)/B (z) be a rational function, where A and B are 
polynomials without any common zero in C. Let degA=n and degB=X. Then, for 
every (£C such that B {(f) ^ 0, the following hold 

<*> e D k ,a (C), 

4> € D p ,a (C) f or all p > k, 

4* G D K , q (C) for all q> X. 

Furthermore, if p > k and q > X, then 

( 0 - 

In all these cases 4> coincides with its corresponding Pade approximant. 
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3. UNIVERSAL PADE APPROXIMANTS IN H (Q) 


We start by proving the following theorem. 

Theorem 3.1. Let $ be a subset of N x N containing a sequence ( p n ,Qn ) £ 5, 
n= 1, 2,.. g t with p n —>• +oo. Let 12 C C be a simply connected open set and L and L' two 
compact subsets of Cl (with connected complements). Let K C C\12 be another compact 
set with connected complement. Then there exists a holomorphic function f G TL (12), 
such that for every polynomial h there exists a sequence (p n , q n ) G 5, n= 1, 2,..., such 
that the following hold: 


1- f € 2) Pn ,g n (C) for every n G N and £ G L, 

2. supq & l ^ zeK [Pn/qn]f£ {z) -h(z ) -»• 0, as n > +oo and 


3- SUP C£L) zeL , [Pn/qn} f X (z) -f (z) 


0, as n —» +oo. 


The set of all such functions f G TL (12) is dense and G$ in TL (12), endowed with the 
topology of uniform convergence on compacta. 


Proof. Let fj , j=l,2,... be an enumeration of all polynomials with coefficients in 
Q+iQ. The set of functions / € 72(12) satisfying Theorem 3.1 can be described as 
follows: 

OO 

T(l2, L, L,K):= p| J [S(l2 , L ,L,p,q,s) (n,K,L,p,q,j,s) 

j,s=l (p,g)e $ 


where 


Q ^12, L , L,p, q, = {/ G TL (12):/ G D Pj(? (£) for all £ G L and 


sup CeL> zeL > [p/q ] /iC (z) -/ (z) 


<- 


and 


J 7 (12, TL, L, p, q, j, s) = {/ G TL (12):/ G (C) /or all £ G L and 


su P(<el, zeK 


\p/q\f, c 0 


1 

<- 

s 


First we show that the sets 1? ^12, L'. L,p, q, and J 7 (12, K, L,p , q,j, s ) are open in 
72 (12) which imply that T ^12, L , L, 7L^ is in 72 (12). 

Let f G Q ^12, L' , L,p, q. . Let also L C 12 be a compact set such that L jj L' C 
L\ . There exists an r > 0, such that {z G C: \z—£\ < r} C (l\ for every £ G L. Let 
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us consider a > 0 small and a function g £ H (f i) satisfying sup_ ^ \f (z) —g (z) \ <a. 
We will show that if a is small enough, then g £ Q ^17, L',L,p, q , . 

By the Cauchy estimates, we can uniformly control any finite set of Taylor coeffi¬ 
cients of g with center £ £ L, to be close to the corresponding coefficients of /. 

The Hankel determinant defining fD P)(? (£) for / depends continuously on ( 6 L; 
thus, its absolute value is greater than a 6 > 0. If we choose a > 0 small enough, then 
the absolute values of the Hankel determinants defining D p ^ q (£) for g will be greater 
than 6/2 for all £ £ L. Therefore g £ T> P} g((), for all £ £ L. We recall the Jacobi 
formulas 


and 


\p/q]f,d z ) 


A(f,Q(z) 


(1) 


\p/q] g ,c ( z ) 


•A(g,() (z) 
B(g,() (z) ’ 


( 2 ) 


The coefficients of the polynomials A (/, £) (z) and B (/, £) (z) vary continuously with £ £ 
L. Since A (/, £) (z) and B (/, £) (z) do not have a common zero in C, there exists 5' > 0 
such that 


\A(fA)(z)\ 2 +\B(f,C) (z)\ 2 >6' 


(3) 


for all £ £ L and z £ L'. If a > 0 is small enough, then \A (, g , £) (z)[ ~+\B (g, £) (^)| 2 >J , /2 
for all £ £ L and z £ L'. We set 


1 

7= __ SU p CeL] zeL , 


\p/q ]/,c ( z ) ~f ( z ) 


(4) 


and we notice that 7 > 0. If a > 0 is sufficiently small, then 


sup Z&L ' \f{z) -9{z)\ <|. ( 5 ) 

Since \p/q]j ^ (z) takes only finite values for £ £ L and z £ L , it is uniformly bounded 
by a constant, say M < + 00 . Relation m and d3j) imply 

6 ' 2 
-2<M 2 +1. 

IH (/,0 (^)l 2 

for all £ £ L and z £ L'. Hence, there exists a 6"> 0 so that 


6"<\B(fA) (z) | 


( 6 ) 
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for all £ G L and z G L'. By continuous dependence, if a > 0 is small, we have 


y<|S( 9 ,C)(z)| 

for all £ G T and z G L '. Relation (HD, (ED, © and © imply 


( 7 ) 


su P(eL, z&l' 


\p/q] 9 ,c ( z )-\p/q]f,c (*) 


< 
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( 8 ) 


provided that a > 0 is small enough. Relations 0, ©, © combined with the 

triangle inequality imply 


su PceL, zgl' 


\p/q ] 9 ,c (*) -5 (*) 


<- 


which shows that the set Q L’,L,p, q, sj is open in PL (hi). 

Next we prove that the set T (Q, K , L,p, q,j, s ) is open in PL (fi). Let / £ J (Q, K, L,p, q,j, s ) 
and L C !1 be a compact set such that L C (^L'j . We consider a > 0 small and a 
function g G PL (f2) satisfying sup 2g j |/ (z) —5 (z)\ <a. We will see that if a > 0 is 
small enough, then g G T (0, K, L,p, q, j, s ). 

By the Cauchy estimates we can uniformly control any finite set of Taylor coefficients 
of g with center £ G L, to be close to the corresponding coefficients of /. The proofs 
that g G (£) for all £ G L are similar to the previous ones and are omitted. It 
remains to control the quantity 


su P(gl, zgk 


\p/q] 9 £ ( z )-\p/q}fx ( z ) 


Again by the Cauchy estimates and the Jacobi formula the coefficients of the 
polynomials A(f,C)i z )> S (/, C) (-), 7l(g,C)(z) and B(g, C) ( z ) vary continuously. 
Since A(f,Q(z) and B(f,C)( z ) do not have a common zero in C and fj(z) does 
not have any poles in C, the inequality 


su P(eL, zgk 


[p/q } f ,c (*) ~fj ( z ) 


< 


1 

s 


implies that the approximant [p/q] f ^ (z) =A (/, Q ( Z )/B (/, C) is such that inf^g^ 2e /< | B (/, £)| >0. 
It follows that 


su P(gl, zgk 


[i p/q\ g ,c ( z )-\p/q] f ,( ( z ) 


is small. The triangle inequality implies 


su P(gl, zeK 


[p/q]g ,C ( Z ) -fj («) 


s 


provided that a > 0 is small enough. Thus, T (Q, K , L.p. q,j, s ) is open in PL (fi). 
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It remains to prove that the set 

|J Q (n, L',L,p,q,s ) P| T(n,K,L,p,q,j,s) 

is dense in % (17). Let L" Cilbea compact set, G H (17) and e > 0. We are looking 
for a g G H (17) and a (p. q) G £ such that g € 2 ) Pi9 (£) for all ( 

sup z&L" \d(z) (z)| < £, 

sup (eL ^ zeL , \p/q] g ,{(z)~g(z ) <7 and 

su P(eL, zgi< b/<4c (*) -/iW <-;• 

Without loss of generality, we assume that L(J L* C (L ") 0 and that the compact set 
L" has connected complement. 

We consider the function 

f fj (z) , if z G K 
1 <*> (z), 7/ z g L" 

The function W is well dehned because K{^\L"=%. Since K (J L" is a compact set 
with connected complement, the function W can be approximated by a polynomial 
P (z) uniformly on K (J L". Our assumption on 5 allows us to find (p, q) G S' such 
that p > degP. 

We consider the function 21 (z) =P ( z ) +dz p where d ^ 0 is small in absolute value. 
Then, 21 (z) and W (z) are uniformly close on K (J L". It follows that 
2l(,z) € T> Pi q(Q and \pfq\% ^ (z) = 21 (z) for all 2 € C; in particular, this holds for all 
z G L. Thus, the quantity 

sup CeL , zeK [p/«]s i,c ( z ) —fj 

is small. Moreover 

sup (&L , zeL 1 [p/?k,c ( z ) - a (*) =0 < 7 - 

We also note that the quantity 

suPzeL" \p/v }% c (*) (*) 

is small, provided that 0 < |d| is small enough. We set 

g (z) = 2t (z) =P (z) +dz p G 77 (17) 


and the proof is completed. Baire’s category theorem yields the result. 



We now recall the following lemma (|13|). 

Lemma 3.2. Let LI be a domain in C. Then there exists a sequence K m , m= 1,2,.. 
of compact subsets of C\fi with connected complements, such that for every compact set 
K C C\0 with connected complement, there exists an m € { 1,2,...} so that K C K m . 

If we set L= {£} to be a singleton and K=K m be given by Lemma 3.2 and L =L n 
to vary in an exhausting sequence of compact sets of II, then applying Baire’s theorem 
we obtain the following theorem. 


Theorem 3.3. Let $ be a subset of NxN containing a sequence ( p n , q n ) G n= 1, 2,..., 
with p n —> Too . Let Q C C be a simply connected domain and C, £ LI be fixed. Then 
there exists a holomorphic function f £ TL{Ll), such that, for every polynomial h 
and every compact set K C C\Li with connected complement, there exists a sequence 
( p n , q n ) £ 3, n= 1, 2,..., such that the following hold: 


1. f £ (C) for all n £ N, 


2. sup zeK \pn/q n \ f £ (z) -h (z) 


3. sup. 


eL' 


\Pn/qn]f tC (z) -/ (z) 


> 0, as n —> Too and 
0, as n —> Too. 


The set of all such functions f £ Tl (fl) is dense and G$ in TL (f l). 


Setting L=L' =L n to be an exhausting sequence of compact subsets of Ll and K=K m 
to be given by Lemma 3.2 and applying Baire’s category theorem once more we obtain 
the following. 


Theorem 3.4. Let 3 be a subset of NxN containing a sequence (p n , q n ) £ 3, n= 1,2,..., 
with p n — > Too. Let also Ll C C be a simply connected domain. Then there ex¬ 
ists a holomorphic function f £ Tl (II) satisfying the following. For every compact 
set K C C\fl with connected complement and every polynomial h, there exists a 
sequence {jp n , q n ) £ n= 1, 2,..., such that for every compact set L C Ll we have 


1. f £ ® Pn ,q n (C) for all n £ N and ( £ L, 

2. sup zeK \p n /q n ] f (z) —h (z) —>• 0, as n —> Too and 

3. sup CGij zeL [Pn/qn]f !( 0) -/ 0) ->■ o , as n -)• Too. 

The set of all such functions f £ TL (Ll) is dense and Gs in TL {LI). 
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Remark 3.5. If, in Theorems 3.3 and 3.4, we consider only compact sets K C <C\II 
having connected complements, then the corresponding classes are also dense and G$ 
in Ti (II). These classes generalize the classes of universal Taylor series in the sense 
of Luh and Chui and Parnes, but there is no guarantee that the universal functions 
extend continuously on the closure of Omega. This will be obtained in section 4 below. 

Remark 3.6. Since the compact set K has connected complement, by Mergelyan’s 
theorem, in the previous results the function h : K —> C can be more generally assumed 
to be in A(K), that is, continuous in K and holomorphic in the interior K°. 


4. UNIVERSALITY IN A (Q) 

Let 0 C C be a domain, such that I2°=H and {oo} (J (C\12) is connected. In what 
follows the domain II always satisfies these two assumptions. The space A (0) = 
TL (II) Pi C (ll) is a Frechet space with the seminorms sup z& -^ \ z \ <n |/(z)|, / £ 4(H), 
n€{l,2,...}. We have the following result. 

Theorem 4.1. Let $ be a subset of N x N containing a sequence ( p n ,Qn ) £ 31 
n= 1, 2,..., with p n -4 -poo. Let II C C be as above and L C H, L' C H two compact 
subsets with connected complements. Let also K be another compact set with connected 
complement such that A'P|H=0. Then there exists a function f £ 4(H), such that 
for every polynomial P there exists a sequence {p n ,qn) £ n=l,2,..., such that the 

following hold: 


1. f £ X) Pnt q n (C) f or every n £ N and £ £ L, 

2. supq &Lj zeK \p n /qn]f£ (A -P (z) -4 0 , as +oc and 

3. sup CeLi zeL , \pn/q n \ fx (z)-f (z) -4 0, as n -4 +oo. 

The set of all such functions f £ A (H) is dense and Gs in A (H). 


Proof. The proof is similar to the one of Theorem 3.1 with the obvious modifications. 
Next, we recall the following lemma ([TO]). 

Lemma 4.2. There exists a sequence K m C C\H, m=l,2,..., of compact subsets 
with connected complements, such that for every compact set K C C\H with connected 
complement, there exists a m £ {1,2,...} so that K C K m . 
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Varying K to K rn , m= 1, 2,... according to Lemma 4.2, L' = L' m = {z: \z\ < m} P| 17 
and setting L= {Co}; Co G 17, an application of Baire’s category theorem yields the fol¬ 
lowing. 

Theorem 4.3. Let $ be a subset of NxN containing a sequence (p n , q n ) G S„ n=l, 2,... 
with p n —> +oo. Let Ll be a domain in C, such that {oo}U(C\17) is connected 
and 17°=17. Let Co be fixed. Then there exists a holomorphic function f € Gl(17), 
such that, for every polynomial P(z) and any compact set K C C\17 with connected 
complement, there exists a sequence ( p n , q n ) G n= 1, 2,..., so that 

1. f € ® Pn ,q n (Co) for all n G N, 

2. sup zeK [p n /q n \ f^ 0 (z) —P (z) ->• 0, as n ->• +oo and 

3. for every compact set L' C we have 

SU P z&L' [Pn/q-n\ /iCo (z) ~f (z) -4-0, US U ->• +OO. 

The set of all such functions f G A (17) is dense and G$ in A (17). 

Let K vary in K m , m= 1, 2,... according to Lemma 4.2, L=L m , m= 1, 2,... to be 
an exhausting family of compact subsets of 17 and L' = L m = {z: \z\ < m} f) 17. Then, 
applying again Baire’s category theorem we obtain the following. 

Theorem 4.4. Let $ be a subset o/NxN containing a sequence (p n , q n ) G S’, n=l, 2,... 
with p n —> Too. Let 17 C C be a domain, such that (oo}(J(C\17) is connected 
and 17°=17. Then there exists a holomorphic function f G A (17), satisfying the 
following. 

For every compact set K C C\17 with connected complement and every polynomial 
P, there exists a sequence fp n , q n ) G $, n= 1, 2,..., such that for every compact set L 
contained in 17 we have: 

1. f G D Pn} g n (C) for all n £ N and C G L 

2. sup CeLj zeK \p n /q n } /iC (z) -P {z) -T 0, asn Too. 

3. For every compact set L' C 17, we have 

su P(eL, z&L' [Pn/qn] (z) -f (z) ->■ 0, as n Too. 

The set of all such functions f G A (17) is dense and Gs in A (17). 
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Notice that the complement in C (J { 00 } of the compact set L' m = {z: \z\ < m} P) hi 
is equal to [{ z: \z\ >m} (J { 00 }] (J [{ 00 } (J (C\fl)] which is connected, as the union of 
two connected sets with common point 00 . The interior of L m is HQ -{A: \z\ <m}, 
since Q°=fl. 

Remark 4.5. In Theorems 4.3 and 4.4, we can obtain \p n /<ln]f £ (z) P (z) compactly 
on every simply connected domain G C C\H ([33). Thus, the approximation is valid for 
all derivatives as well, according to Weierstrass theorem. However, this is not possible 
anymore if we allow that P is not a polynomial, but P € A(K) (see Remark 13.61) . 

Acknowledgement: We acknowledge a helpful communication with Franck Wielon- 
sky. 
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